Many economic events involve initial observations that substantially deviate from long-run steady state. Initial conditions of this type have been found to impact diversely on the power of univariate unit root tests, whereas the impact on multivariate tests is largely unknown. This paper investigates the impact of the initial condition on tests for cointegration rank. We compare the local power of the widely z University of Helsinki, Department of Economics and RUESG, PO Box 17 (Arkadiagatan 7), 00014 University of Helsinki (mikael.juselius@helsinki.fi). 1 used likelihood ratio (LR) test with the local power of a test based on the eigenvalues of the companion matrix. We …nd that the power of the LR test is increasing in the magnitude of the initial condition, whereas the power of the other test is decreasing. The behaviour of the tests is investigated in an application to price convergence.
Introduction
The initial condition may have a large impact on the power of unit root and cointegration tests. Müller and Elliott (2003) …nd that the power of univariate unit root tests depend on the deviation of the initial observation from its modelled deterministic part. They show that the impact of the initial condition on power varies among commonly used unit root tests, because these put very di¤erent weightings on the initial condition. For example, the power of the Dickey-Fuller (DF) -test increases in the magnitude of the initial condition, whereas the opposite holds for the DF coe¢ cient test. Thus, the choice between di¤erent unit root tests should be carefully considered in applications where the initial observation is expected to be far from its equilibrium value. For instance, in studies on economic convergence where the initial condition is large, we may want to use a test that puts a large weight on the initial condition in order to maximise power. In other cases where we are unsure about the initial condition, it may be advantageous to use tests which are robust with respect to the initial condition. Such tests can be found in Elliott and Müller (2006) , and Leybourne (2005, 2006) .
In many problems it may be preferable to use multivariate unit root or cointegration tests. For instance, richer types of convergence can be studied in a multivariate framework. However, there seems to be no previous work on the impact of the initial condition in the multivariate case. In this paper we analyse the impact of the initial condition on the power of multivariate unit root and cointegration tests. In particular, we compare the commonly used likelihood ratio (LR) test of cointegration rank in vector autoregressive (VAR) models (Johansen 1996) with a test for the number of unit roots in VAR models based on the eigenvalues of the companion matrix (Ahlgren and Nyblom 2008 ; henceforth referred to as the Q test). These two tests can be viewed as the multivariate extensions of the DF -and coe¢ cient tests, respectively. Other multivariate tests (see e.g. Hubrich et al. 2001 for a review) are not considered here, because they typically depend on nuisance parameters which make the analysis di¢ cult.
The impact of the initial condition is studied through the local power of multivariate tests. The local power function of the LR test has previously been derived by Johansen (1991 Johansen ( , 1996 in the VAR model without deterministic terms. Rahbek (1994) , and Horvath and Watson (1995) extend Johansen's results to the cases of di¤erent local alternatives and known cointegrating vectors. Saikkonen and Lütkepohl (1999) provide a general framework for deriving the local power properties of LR tests of cointegration rank under di¤erent assumptions about the deterministic terms. The aforementioned papers assume that the initial condition is zero. We derive the local power under the assumption that the initial condition is not zero and does not vanish asymptotically. This extends the results obtained by Johansen (1991 Johansen ( , 1996 , and Saikkonen and Lütkepohl (1999) for the likelihood ratio test when the initial condition is zero, as well as Müller and Elliott (2003) for univariate unit root tests when the initial condition is not zero and matters asymptotically. An alternative approach to the initial condition is taken in Phillips and Magdalinos (2008) , who extend the initial condition to the in…nite past.
We …nd that the power of the LR test is increasing in the magnitude of the initial condition, whereas the Q test may have lower power against alternatives close to a unit root when the initial condition is large. In comparison to the univariate case, we …nd that the impact of the initial condition is similar, but is mitigated in multivariate tests when the dimension of the process is large, or deterministic terms are …tted. The behaviour of the tests is further highlighted by an empirical application to price convergence.
We …nd that large initial conditions in the real exchange rates of transition economies enable us to reject the unit root hypothesis in the real exchange rates using the LR test. This result entails that purchasing power parity holds. However, if deterministic terms are …tted, or if the dimension of the model is increased by including more information, the power gain gradually disappears. In contrast, the Q test does not reject a unit root in the real exchange rates.
The paper is organised as follows. The next section establishes a framework for analysing the initial condition in the cointegrated VAR model. The LR and Q tests of cointegration rank are described in Section 3, and their local power properties are derived in Section 4. Section 5 considers the powers of the tests in …nite samples, and Section 6 illustrates the …ndings in an application to price convergence. Section 7 concludes.
The Initial Condition in the Cointegrated

Vector Autoregressive Model
In this section we introduce the cointegrated vector autoregressive (VAR) model and use a new version of the Granger-Johansen representation theorem to de…ne the magnitude of the initial condition.
We consider the p-dimensional VAR model
where D t are the deterministic terms, and the errors " t are independent and identically distributed (0; ). We write the model in error correction form:
j . For later use we de…ne
The characteristic polynomial of the process is
We assume that jA(z)j = 0 implies that jzj > 1 or z = 1, and that has reduced rank r < p. Then = 0 , where and are p r matrices of full rank. We also assume that 0 ?
? has full rank, which ensures that the process X t is integrated of order one, I(1). We use the de…nition of an integrated process as in Johansen (1996, pp. 34-35 = 0. In addition, the deterministic terms D t are assumed to be bounded by some polynomial in t. Under these conditions, Johansen (1996) shows that X t E( X t ) and 0 X t E( 0 X t ) can be given initial distributions such that they become I(0).
The moving average representation of the process (2) was derived by Johansen (1996). For our purpose, a more convenient version of the representation theorem is Theorem 1 of Hansen (2005) , which under the assumptions above states that the process has the representation
where
Hansen gives a recursive formula for calculating the coe¢ cients of the lag polynomial C(L), and proves in Lemma 2 that the initial value can be expressed as
Premultiplying (4) by 0 yields
If the initial value is chosen as in (5), we have that
In practice, we cannot choose the initial value as in (5) . In this case
is not I(0), although in some sense it is asymptotically stationary (Johansen 1996, p. 15 ). Since we condition on the initial observations, we may contend ourselves with
where the right-hand side corresponds to the expected value of 0 X 0 .
We de…ne the initial observation 0 X 0 to be deviating from the deterministic component of the series, or to be o¤ its equilibrium value, if 
Tests for Cointegration Rank
We consider again the p-dimensional VAR model (1) and (2), but now with The LR statistic for testing the cointegration rank hypotheses H 0 : rank( ) = r against H 1 : rank( ) > r; r = 0; : : : ; p 1;
in the model (2) is given by
where the eigenvalues
and
are the product moment matrices of the residuals R 0t and R 1t from regressing X t and X t 1 (possibly augmented by a constant and linear trend) on the lagged di¤erences X t 1 ; : : : ; X t k+1 , and possibly a constant and linear trend.
The limiting distribution of LR(r) is given by
where B is a (p r)-dimensional standard Brownian motion on the unit interval and F is a Brownian motion which depends on the deterministic terms.
The Q test (Ahlgren and Nyblom 2008) is a test for the same hypotheses as in (6) . The approach is to write the general VAR(k) model (1) here we shall assume that there are no explosive roots. The Q statistic is then given by
The limiting distribution of the Q(r) statistic is given by
where B and F are as in (8).
Local Power of Tests for Cointegration Rank
For deriving the asymptotic local power, we consider model (2) with k = 1:
since the limit results do not depend on the short-term dynamics (see Johansen 1996, pp. 209-210). Here is an unrestricted p p matrix, and the errors " t are as before independent and identically distributed (0; ).
Johansen (1991, 1996) derived the local power function of the LR test in this model, assuming that the initial condition is zero.
An application of the functional central limit theorem (FCLT) to
with [ ] denoting the integer part, shows that the limiting distributions under the null hypothesis (and the local alternatives) do not depend on the initial value X 0 , since the …rst term is o (1) . Following the analysis in Tanaka (1996, Section 3.9), an approximation which retains the initial condition asymptotically is obtained when X 0 = O(T 1=2 ), implying that the …rst term in (12) has the same order of magnitude as the second. For simplicity we assume that the initial condition is of the form
where is a constant p 1 vector. However, the results obtained below also hold if X 0 is assumed to be a random variable of order O P (T 1=2 ).
We consider local alternatives to the null hypothesis = 0 , of the form
where 1 and 1 are p s matrices of rank s such that has rank r+s, s > 0.
Under the local alternatives the process has s extra cointegrating vectors 1 .
We make the assumption that the eigenvalues of I + 0 are less than one in absolute value, so that the process is I(1) under the null hypothesis (6) ?
Under the local alternatives (14),
where K(u) is an Ornstein-Uhlenbeck process de…ned by the integral equa-
with
. If we de…ne the standard Ornstein-Uhlenbeck process
where N(0) = ( 
An analogous result holds for the Q test (Ahlgren and Nyblom 2008), yielding
Since the limiting distributions depend on , , , 1 and 1 only through a and b, the results simplify if s = 1, i.e. if there is one cointegrating relation under the local alternatives. Then we can …nd an orthogonal transformation of (17) such that N(u) is of the form The process (20) has the solution (see e.g. Tanaka 1996 , Section 3.9)
follows from our choice of the initial condition (13) . From the expression for N 1 (u) in (23), it is seen that the impact on the local power from the initial condition comes from the …rst term, which is zero when 1 = 0. Since f < 0 for stationary alternatives, the e¤ect of the initial condition is to add a geometrically decaying series, e f u 1 , to the solution of the Ornstein-Uhlenbeck process. By modifying the Ornstein-Uhlenbeck processes in (18) and (19) as in Saikkonen and Lütkepohl (1999) , the results can be extended to models with a constant and linear trend.
From (20)- (22) with g = 0, we get
Hence, we simulate the discrete versions of the (p r)-dimensional OrnsteinUhlenbeck processes with g = 0:
We choose as
Our choice of implies that We have simulated the local powers for di¤erent values of f < 0, g = 0,
and for models with no deterministic terms, restricted and unrestricted constant, and restricted and unrestricted linear trend, using the general result of Saikkonen and Lütkepohl (1999) . In the simulations we let t = 1; : : : ; 1000, The local power is decreasing as the dimensions p r increase, as found by Johansen (1996) . In general, with a constant or a constant and linear trend, the impact of the initial condition is mitigated. In the special case p r = 1
and no deterministic terms in the model, the power of the Q test decreases for values of c close to the null hypothesis, whereas the opposite holds for values of c further away from the null hypothesis. A similar result was obtained by 
Power in Finite Samples
The previous section demonstrated that the asymptotic local power of the LR test increases in the magnitude of the initial condition and the local power of the Q test decreases in the magnitude of the initial condition. To check the accuracy of the asymptotic local power approximations, we simulate the powers of the LR and Q tests in …nite samples.
Toda (1994, 1995) suggests a VAR(1) data generating process (DGP)
which is a canonical form for investigating the properties of tests for the 
Analogous with the asymptotic analysis in Section 4, we only consider the cases when the cointegration rank is r = 0 or r = 1. We estimate a VAR(1) model with an unrestricted constant:
and test the null hypothesis of cointegration rank r = 0. We report in Table   1 The rejection probabilities in Table 1 mirror the local powers in Section 4.
We …nd that when is large, the LR test has high power whereas the Q test has low power. We begin by discussing a time series de…nition of convergence. Let p it , i = 0; 1; :::; p, denote a log price index for country i, and let e ijt denote the log nominal exchange rate between countries i and j. Then the real exchange rate, or the real price di¤erence, z ijt , is de…ned as 
where F t is the information set at time t. The de…nition entails that absolute purchasing power parity is expected to hold, as goes to in…nity, since the convergence.
An important implication of condition (31) is that the real exchange rate is asymptotically stationary under convergence, since the conditional expectation would not be de…ned otherwise. Nevertheless, it has typically been di¢ cult to reject a unit root in real exchange rates. Such persistence may re‡ect nonlinear threshold dynamics rather than 'true'unit root behaviour, as
shown by Taylor (2006), we take the last period to be the base year. This normalisation yields the maximum power gain in the model with no deterministic terms, but has no consequences for the other speci…cations of the deterministic terms. deviations are of a smaller magnitude than the UK. Thus, at the outset, and in concurrence with previous evidence on real exchange rates, we would expect to …nd unit roots in the UK and Danish series.
We extend the univariate approach of Busetti et al. (2006) to a multivariate framework by estimating the VAR model (2) on a vector of real exchanges rates and using the LR and Q tests to infer the rank, r, of = 0 . The null hypothesis that country i converge to the Euro Area or, equivalently that z i0t is stationary, can be formulated as = (e i ; i ), where e i is a unit vector and i is a p (r 1) dimensional matrix of unrestricted coe¢ cients.
The test of this hypothesis is described in Johansen (1996) , and the corre-sponding LR statistic is asymptotically distributed as 2 with p r degrees of freedom under the null hypothesis.
An advantage of the multivariate framework is that it permits convergence to other economies than the Euro Area. Although such z ijt are unlikely to have a large initial condition, and are therefore not of interest from the perspective of the present paper, they can nevertheless easily be tested as restrictions on . To see this, note that convergence between i and j can be formulated as the hypothesis z ijt = z i0t z j0t I(0).
We …rst focus on the transition economies by setting
where the initial conditions are likely to be large, and later extend this vector to X 2t = (z CZ0t ; z EE0t ; z P L0t ; z U K0t ; z DK0t ) 0 . This setup allows us to analyse the impact of the initial condition on the powers of the LR and Q tests for different dimensions of the random walk component, since the UK and Danish real exchange rates are likely to display independent unit roots behaviour, as discussed above. We consider models with no deterministic terms, a constant restricted to the cointegration space, and an unrestricted constant. A model with no constant is consistent with (31), provided that the last observation, which is set to zero, is in equilibrium. Including a constant in the model allows for uncertainty with respect to this normalisation. If the constant is unrestricted, a linear trend is permitted in z ijt under the alternative hypothesis of no convergence, whereas no trend is permitted when the constant is restricted to the cointegration space.
Initial modelling of X 1t and X 2t suggests two lags (k = 2) in both cases, Table 2 : Dummy variables included in the estimated models. The intervention dummies take the value 1 in the quarter yymm and 0 otherwise. The transitory dummies take the value 1 in the quarter yymm, 1 in the consequtive quarter, and 0 otherwise.
Country Intervention Transitory
based on information criteria. The models are estimated using CATS in RATS 2.0. We included dummy variables, listed in Table 2 , to account for outliers. However, the results are only marginally di¤erent if the dummies are removed from the analysis. Table 3 reports misspeci…cation statistics for the estimated models. There are no serious misspeci…cations in the models, apart from rejection of normality due to some large outliers in the beginning of the sample for the transition economies. Table 4 reports the LR and Q test for models with X 1t = (z CZ0t ; z EE0t ; z P L0t ) 0 , and di¤erent deterministic terms. As can be seen from the table, r = 0 and r = 1 are rejected by the LR test when there is no constant in the model (Model 1), whereas r = 0 is not rejected by the Q test. Thus, the LR test suggests r = 2, and the Q test suggest r = 0. Table 5 reports the results Czech and Estonian real exchange rates, as is suggested by Table 5 . However, if we impose r = 1 in Model 2, only the Estonian real exchange rate has a 6.2 The extended set of economies Table 6 reports the LR and Q test for models with X 2t = (z CZ0t ; z EE0t ; z P L0t ; z U K0t ; z DK0t ) 0 , and di¤erent deterministic terms. As before, in the model with no deterministic terms, r = 0 and r = 1 are rejected by the LR, but not by the Q test. However, the hypothesis r = 1 is now close to not being rejected with a p-value of 0:04. Moreover, the results in Table 5 (Model 4) 
The Transition Economies
Conclusions
We have derived the local powers of the LR and Q tests for cointegration rank when the initial condition is nonzero and does not vanish asymptotically. Our main results are that the local power of the LR test is increasing in the magnitude of the initial condition, whereas the local power of the Q test is decreasing. If the dimension of the process is large, or if deterministic terms are …tted, the impact of the initial condition is mitigated. We investigate the behaviour of the tests in an application to price convergence. Our results help explain the outcomes of tests for price convergence of transition economies, where the initial condition is expected to be large. In particular, in models that exploit the power gain due to the initial condition, we establish price convergence, or that purchasing power parity holds.
